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Note on a Problem of Krasikov and Scho¨nheim for Planar Cyclic
Difference Sets
BERNT LINDSTRO¨M
Let D be a planar cyclic difference set with 0 ∈ D. Krasikov and Scho¨nheim proposed in [2] the
problem: prove that there are elements di , d j , dk ∈ D − {0} such that di + d j + dk = 0. We prove
this and a little more.
c© 2002 Academic Press
A planar cyclic difference set is a subset D of size n+ 1 of the cyclic group Z/(n2+ n+ 1)
such that every non-zero element g of the group has precisely one representation g = a − b
with a, b ∈ D. Assume that 0 ∈ D. Krasikov and Scho¨nheim asked in [2] if it is true that
0 = di + d j + dk holds for some non-zero elements di , d j , dk ∈ D. We prove here the
following stronger result.
THEOREM 1. Let D be any planar cyclic difference set and dl ∈ D. Then there are
di , d j , dk ∈ D − {dl}, not all three equal, such that
di + d j + dk = 3dl . (1)
PROOF. If the result is true for D, then it holds for all translates D + a = {d + a; d ∈ D}
(add 3a to both members of (1)).
By the Theorems 11.4.1 and 11.5.3 in [1], there is a translate D + a of D with n(D + a) =
D + a. Therefore we may assume that
nD = D. (2)
First suppose that 3dl 6= 0. Then we may find di 6= dm in D such that
3dl = di − dm = di − dm + (1+ n + n2)dm = di + ndm + n2dm .
By (2), ndm = d j , n2dm = dk are elements in D. We claim that all three are not equal. For if
di = ndm = n2dm , then dm = ndm = di , a contradiction since di 6= dm .
Next suppose that 3dl = 0. There is a non-zero di ∈ D distinct from ±(1+n+n2)/3 when
n ≡ 1 (mod 3). We have
3dl = 0 = di + ndi + n2di = di + d j + dk
with di , d j , dk ∈ D. If di = d j = dk , then di = 0 or ±(1+ n + n2)/3, a contradiction to the
choice of di .
We have proven (1) with di , d j , dk ∈ D, not all equal. It remains to prove that di , d j , dk 6=
dl . If say dk = dl , then (1) gives di + d j = 2dl and di − dl = dl − d j . Then since D is a
(v, k, 1) difference set, di = dl = d j = dk , a contradiction since di , d j , dk are not all equal.
This completes the proof of the theorem. 2
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